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Abstract 

An isolated sighed total dominating function (ISTDF) of a digraph is a function  

f:V(D)→{−1,+1}   such that  ∑ −𝑢∈𝑁 (𝑣) ≥ 1 for every vertex 𝑣 ∈ 𝑉(𝐷)and for at  least 

one vertex of 𝑤 ∈ 𝑉(𝐷),𝑓(𝑁−(𝑤)) = +1. An isolated signed total domination number of D, 

denoted by 𝛾𝑖𝑠𝑡(𝐷), in the minimum weight of an isolated signed total dominating function of 

D. In this paper, we study some properties of ISTDF 
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1. Introduction 

  In this paper, we consider 𝐷 = (𝑉((𝐷), 𝐴(𝐷)) be a digraph with p vertices and q arcs. 

For a vertex 𝑣 ∈ 𝑉(𝐷), the set 𝐼(𝑣) = {𝑢: (𝑢, 𝑣) ∈ 𝐴(𝐷)} is called the in-neighborhood of 𝑣. 

The in-degree of u is defined by 𝑑𝑒𝑔−(𝑣) = |𝐼(𝑣)|. A general reference for graph theoretic 

notions is [3].  

For any 𝑣 ∈ (𝑉(𝐷),𝑁+(𝑣) = {𝑢 ∈ 𝑉(𝐷)|𝑣 is adjacent to 𝑢} and 𝑁+[𝑣] = 𝑁+(𝑣) ∪

{𝑣} are called open out-neighborhood and closed out-neighborhood of 𝑣 respectively. 

Similarly 𝑁−(𝑣) = {𝑢 ∈ (𝑉(𝐷)|𝑖𝑠 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 𝑓𝑟𝑜𝑚 𝑢} and 𝑁−[𝑣] = 𝑁−(𝑣) ∪ {𝑣} are called 

open in neighborhood and closed in-neighborhood  respectively.  

 A function  𝑓: 𝑉(𝐺) → {0,1} is called a dominating function if for every vertex 𝑣 ∈

𝑉(𝐺), 𝑓(𝑁[𝑣] ≥ 1 [6].  The weight of 𝑓, denoted by 𝑤(𝑓) is the sum of the values 𝑓(𝑣) for 

all 𝑣 ∈ 𝑉(𝐺).  

Various  domination functions has been defined from the definition of dominating 

function by replacing the domain {0,1}, as one of the sets {−1,0}, {−1,+1} and etc. One of 

such example in signed dominating function [5,4]. 

 A subset S of vertices of a graph is a total dominating set  of G if  every vertex in 

𝑉(𝐺) has a  neighbor in S. The minimum cardinality of a  total dominating set of  G is said to 

be the total dominating set of G is said to be the total domination number and is denoted by 

𝛾𝑡(𝐺).  
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In  1995, J. E. Dunbar et al [4] defined signed dominating function of an undirected 

graph. A function 𝑓: 𝑉(𝐺) → {−1,+1}  is a signed dominating function of G, if for every 

vertex 𝑣 ∈ 𝑉(𝐺), 𝑓(𝑁[𝑣]) ≥ 1.  The signed domination number, denoted n by 𝛾𝑠(𝐺) ,  is the 

minimum weight of a signed dominating function on G [4] 

 In 2001, Bohadan  Zelinka and Liberec [1], by using the definition total domination 

and signed domination and introduced the concept of signed total dominationnumber of a 

graph.  A mapping  𝑓: 𝑉(𝐷) → {−1,+1}   , where  𝑉(𝐺) is the vertex set of G,  is called a 

signed  total dominating function (STDF) on G, if  ∑ 𝑓(𝑥) ≥ 1𝑥∈𝑁(𝑣)   for each 𝑣 ∈ 𝑉(𝐺). The 

minimum  of values  ∑ 𝑓(𝑥) ≥ 1𝑥∈𝑁(𝑣)  taken over all STDF's of G, is called the signed total 

domination number of G and denoted by  𝛾𝑠𝑡(𝐺). 

In  2019, S. Rishitha Dayana and S Chandra Kumar [10], by using the definitiion of 

signed dominating function an isolate domnination, defined the new domination parameter 

called isolated signed dominating function. An isolated signed dominating function (ISDF) of 

a graph G is a SDF function such that (N) 𝑓(𝑁[𝑤]) = +1 for at leat one vertex of 𝑤 ∈ 𝑉(𝐺). 

The weight f,  denoted by 𝑤(𝑓) is the sum of the value for all 𝑣 ∈ 𝑉(𝐺). An indated signed 

domination number of G , denoted by   𝛾𝑖𝑠(𝐺).is the minimum weight of an ISDF of G. 

In 2021, S. Sunitha and S. Chandra Kumar, by using the definition of signed total 

dominating function and isolate domination and introduced the concept of dates isolated 

signed total dominating function . An isolated signed total dominating function (1STDF) of a 

graph G is a function  𝑓: 𝑉(𝐺) → {−1,+1} such that ∑ 𝑓(𝑣) ≥ 1𝑣∈𝑁(𝑣)  for every vertex  𝑣 ∈

𝑉(𝐺). and for at least one vertex 𝑤 ∈ 𝑉(𝐺),  𝑓(𝑁(𝑤)) = +1 An isolated  signed total 

domination number of C denoted (C), is the minimum weight of added signed total 

dominating function of G . 

 In this paper, we study an isolated signed total domiinating Function (ISTDF) of a 

digraph.  An ISTDF of a digraph D is a function  𝑓: 𝑉(𝐷) → {−1,+1} suchthat 

∑ 𝑓𝑢∈𝑁−(𝑢) (𝑢) ≥ 1 for every vertex  𝑣 ∈ 𝑉(𝐷) and for atleast one  vertex of  𝑤 ∈ 𝑉(𝐷), 

𝑓(𝑁−(𝑤)) = +1.  An isolated signed total domination number of D, denoted by 𝛾𝑖𝑠𝑡(𝐷),  is 

the minimum weight of an isolated signed total  dominating function of D. In this paper, we 

study some properties of ISTDF and we give isolated  signed total domination number some 

classes of graphs. 

 

2. Main Results 

 

        Lemma 1. Let D be any digraph in which indegree of v is even for all v 𝜖 V (D). Then D 

does not admit ISTDF. 

Proof : 

 Note that |𝑁−(u)| is even for any vertex u 𝜖 V (D). 

 Thus there exist no vertex v 𝜖 V (D) such that f (𝑁−(u)) = 1 for any function f : V (D) 

→ {-1,+1}. 

Lemma 2 

 For any digraph D which admits ISTDF, 𝛾𝑠𝑡 (D) ≤ 𝛾𝑖𝑠𝑡 (D). 
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Proof : 

 Since every ISTDF is a STDF, it follows that 𝛾𝑠𝑡 (D) ≤ 𝛾𝑖𝑠𝑡 (D). 

Theorem 3 

 Let n ≥ 2 be an integer and let D be a disconnected digraph with n components 

𝐷1, 𝐷2,.............𝐷𝑛 such that the first r(≥ 1) components 𝐷1, 𝐷2,.............𝐷𝑟 admit ISTDF. 

Then 𝛾𝑖𝑠𝑡 (D) = min
1≤𝑖≤𝑟

{𝑡𝑖}, where 𝑡𝑖 = 𝛾𝑖𝑠𝑡 (𝐷𝑖) + ∑ 𝛾𝑖𝑠𝑡(𝐷𝑗)
𝑛
𝑗=1,𝑗≠𝑖 . 

Proof : 

 Assume that 𝑡1 = min
1≤𝑖≤𝑟

{𝑡𝑖}. 

Let 𝑓1 be an minimum ISTDF of 𝐷1and 𝑓𝑖 be a minimum STDF of 𝐷𝑖 for each i with 2 

≤ i ≤n. 

Then f : V (D) → {-1,+1} defined by f (x) = 𝑓𝑖(x), x 𝜖 V(𝐷𝑖), is an ISTDF of D with 

weight 𝛾𝑖𝑠𝑡 (𝐷1) + ∑ 𝛾𝑖𝑠𝑡(𝐷𝑖)
𝑛
𝑖=2  = 𝑡1. 

Let g be a minimum ISTDF of D. 

Then there exists an integer j such that g|𝐷𝑗  for some j with 1 ≤ 𝑗 ≤ r. 

Also for each i with 1≤ 𝑖 ≤ n(i ≠ j), g|𝐷𝑖, is a minimum STDF of 𝐷𝑖 . 

Therefore w (g) ≥ 𝛾𝑖𝑠𝑡(𝐷𝑗) + ∑ 𝛾𝑖𝑠𝑡(𝐷𝑖)
𝑛
𝑖=1,𝑖≠𝑗  = 𝑡𝑗 ≥ 𝑡1 and hence 𝛾𝑖𝑠𝑡(𝐷) = min

1≤𝑖≤𝑟
{𝑡𝑖}. 

Corollary 4 

 Let H be any digraph which does not admit ISTDF. 

 Then D = H ∪ r 𝐶3
⃗⃗⃗⃗  (r ≥ 1 ) admits ISTDF with 

 𝛾𝑖𝑠𝑡(𝐷) = 3r + 𝛾𝑠𝑡(𝐻). 

Proof : 

 Let 𝐷𝑖 ≅ 𝐶3 for 1≤ 𝑖 ≤ 𝑟 and 𝐷𝑟+1 ≅ H. 

 Note every vertex of each copy of 𝐶3
⃗⃗⃗⃗  receives the label +1.  

Thus by theorem 4.1.1., we have 𝛾𝑖𝑠𝑡(𝐷) = 3r + 𝛾𝑠𝑡(𝐻). 

Lemma 5 

 Let f be an ISTDF of D and let S ⊂ V. 

Then f (S) ≡ | S|(mod 2). 

Proof : 

 Let 𝑆+ = {v | f(v) = 1, v ∈ S} and 𝑆− = { v | f(v) = -1, v ∈ S}. 

 Then |𝑆+| + |𝑆−| = | S| and |𝑆+| - |𝑆−| = f(S). 

 If both 𝑆− and 𝑆+ are either odd or even, then both | S| and f(S) must be even. 

 If either one of 𝑆− and 𝑆+ is odd and another one is even, then both | S| and f(S) must 

be odd. 

 Therefore f(S) ≡ | S|(mod2). 

Lemma 6 

 Let D be a digraph of order n and 𝛿− ≥ 2. 

 Then 2𝑦2,𝑡(D) - n≤ 𝛾𝑖𝑠𝑡(𝐷). 

Proof :  

Let g be a minimum isolate signed total dominating function of D. 

 Let 𝑉+ = {u 𝜖 V : g(u) = +1} and 𝑉− = { v 𝜖 V : g(v) = -1}. 
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 If 𝑉− = ∅, then the proof is clear. 

Suppose there exists a vertex v  𝑉−. 

Since 𝑔(𝑁−(v) ≥ 1 and 𝛿− ≥ 2, then v has at least two adjacent vertices in 𝑉+. 

In the similarly manner, if v  𝑉+, then v has at least two adjacent vertices in 𝑉+. 

Therefore 𝑉+ is a 2- total dominating set for D and so |𝑉+| ≥ 𝛾2,𝑡(D). 

Since 𝛾𝑖𝑠𝑡(𝐷) = |𝑉+| - |𝑉−| and n = |𝑉+| + |𝑉−|, we have 𝛾𝑖𝑠𝑡(𝐷) = 2|𝑉+| - n and so 

𝛾𝑖𝑠𝑡(𝐷) ≥ 2𝛾2,𝑡(G)- n. 

Remark 7 

 (a) Let D be a digraph which admits a 2- total dominating set S. 

 Then 𝑁−(v) ⊆ S whenever |𝑁−(v)| = 2 for any vertex v 𝜖 V (D). 

(a) Let D be a digraph which admits an ISTDF function (or STDF), say f. 

Then the vertices of 𝑁−(v) are labelled with +1 sign whenever 

|𝑁−(v)| ≤ 2 for any vertex v 𝜖 V (D). 

Theorem 8 

 For given integer k ≥ 1, there exists a digraph D such that 𝛾𝑠𝑡(𝐷) = 𝛾𝑖𝑠𝑡(𝐷) = k. 

Proof : 

 Let D be a digraph such that V(D) = {𝑎1, 𝑎2,........., 𝑎2𝑘, 𝑏2, 𝑏4, 𝑏6,....., 𝑏2𝑘}  

and A(D) = {(𝑎𝑖, 𝑎𝑖+1)/ 1 ≤ 𝑖 ≤ 2k -1} ∪ {(𝑎2𝑖, 𝑏2𝑖) : 1 ≤ 𝑖 ≤ k}. 

 Let f be a ISTDF of D. 

 Then by Remark 4.1.1.(b), f(𝑎𝑖) = +1 for all i with 1 ≤ 𝑖 ≤ 2k. 

 Thus f(V(D)) ≥ 2k (+1) + k(-1) = k and so 𝛾𝑠𝑡(𝐷) ≥ k. 

 Define a function g : V(D) → {-1, +1} by g (𝑎𝑖) = +1  

and g (𝑏𝑖) = -1. 

 Then g is a STDF such that w (f) = k and f(𝑁−(𝑏2)) = 1. 

Therefore 𝛾𝑖𝑠𝑡(𝐷) ≤ k. 

Since 𝛾𝑠𝑡(𝐷) ≤ 𝛾𝑖𝑠𝑡(𝐷), we have 𝛾𝑠𝑡(𝐷) = 𝛾𝑖𝑠𝑡(𝐷) = k. 

Lemma 9 

 If G = m𝑃2
⃡⃗  ⃗ ∪ B, where B is a graph which is an union of cycles (m≥ 1 and B may be 

empty), then 𝛾𝑖𝑠𝑡(𝐷) = n, where n is the order of D. 

 

Proof : 

 Let f be an ISTDF of D and u 𝜖 V(D). 

Case 1 : 

 If u 𝜖 V(m𝑃2
⃡⃗  ⃗), then by Remark 4.1.1(b), f(u) = +1. 

Case 2 : 

 If u 𝜖 V (B). 

 Then u must be in an unidirectional cycle, say 𝐵1. 

Let V(𝐵1) = {v1, 𝑣2,......., 𝑣𝑛} and A(𝐵1) = {(𝑣1, 𝑣2), (𝑣2, 𝑣3),......., (𝑢𝑛−1, 𝑢𝑛), (𝑢𝑛, 

𝑣1). 

Subcase 1 : 

 If u 𝜖 V(𝐵1) and u = 𝑣𝑖  for some i with 1 ≤ 𝑖 ≤ n -1. 
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 Since f(𝑁−(𝑣𝑖+1)) ≥ 1, we have f(𝑣𝑖) = f(u) = +1. 

Subcase 2 : 

 If u 𝜖 V(𝐵1) and u = 𝑢𝑛. 

Since f(𝑁−(𝑣1)) ≥ 1, we have f(𝑣𝑛) = f(u) = +1. 

 Thus w (f) = n and so 𝛾𝑖𝑠𝑡(𝐷) ≥ n. 

 But always so 𝛾𝑖𝑠𝑡(𝐷) ≤ n and so 𝛾𝑖𝑠𝑡(𝐷) = n. 

Remark 10 

 Let G be a digraph of order n which admits ISTDF. 

 Then 𝛾𝑖𝑠𝑡(𝐷) ≠ n-1. 

Proof : 

 Let f be a minimum ISTDF of D. 

 Suppose f(u) = - 1 for some u 𝜖 V(D), then 𝛾𝑖𝑠𝑡(𝐷) ≤ n – 2. 

Lemma 11 

 Let D be a digraph of order n. 

 If 1 ≤ n ≤ 2, then 𝛾𝑖𝑠𝑡(𝐷) = n, and if n ≥ 3, then 4 – n ≤ 𝛾𝑖𝑠𝑡(𝐷)  ≤ n. 

Proof : 

 If n = 1, D is isomorphic to 𝐾1. 

If n = 2, D is isomorphic to 𝑃2
⃗⃗⃗⃗  or 2𝐾1 or 𝑃2

⃡⃗  ⃗. 

When D is isomorphic to 𝑃2
⃗⃗⃗⃗  or 2𝐾1, D does not admit ISTDF. 

 In the other case, we have to label all the vertices with +1 sign for any STDF. 

 Thus 𝛾𝑖𝑠𝑡(𝐷) = n, when n = 1 or 2. 

 Let n≥3. 

 The upper bound 𝛾𝑖𝑠𝑡(𝐷) ≤ n is immediate. 

 If f is a signed total dominating function on D, then the condition n ≥3 implies that 

there are at least two distinct vertices u and v such that f (u) = f (v) = 1, and thus 𝛾𝑖𝑠𝑡(𝐷) ≥ 2 

(+1) – (n-2) (-1) = 4 – n. 

Theorem 12 

 Let q be a positive integer. 

 Then there exists a digraph D with q + 8 vertices such that D has a Hamiltonian 

directed cycle and such that 𝛾𝑖𝑠𝑡(𝐷) = -q + 2. 

Proof : 

 Let V (D) = {𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑣1, 𝑣2,....... 𝑣𝑞+4}. 

 Consider the directed cycle H such that V(H) = V(D) an the arcs of H are (𝑢1, 𝑢2), 

(𝑢2, 𝑢3), (𝑢3, 𝑢4), (𝑢4, 𝑣1), (𝑣1, 𝑣2),.......(𝑣𝑞+3, 𝑣𝑞+4, (𝑣𝑞+4, 𝑢1). 

From the cycle H we construct the digraph D by adding the edge (𝑢4, 𝑢1) and the 

edges (𝑢2, 𝑣𝑖), (𝑢3, 𝑣𝑖) for i 𝜖 {1,.......,q + 4}, and (𝑢4, 𝑣𝑖) for i 𝜖 {2,.......,q + 4}. 

Let f :V(D) →{-1,1} be such that f(𝑢𝑖) = +1 for i 𝜖 {1,2,3,4} and f (𝑣𝑖) = -1 for i 𝜖 

{1,.......,q + 3} and f (𝑣𝑞+4) = +1. 

Thus f(𝑁−(𝑣𝑖)) = f(𝑢4) + f (𝑣𝑞+4) = 1 + 1 = 2. 

For i = 2,3,4, we have f(𝑁−(𝑢𝑖)) = f(𝑁−(𝑢𝑖−1)) = 1. 

Also f(𝑁−(𝑣1)) = f(𝑢2) + f(𝑢3) + f(𝑢4) = 1 + 1 + 1 = 3. 
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For i = 2,3,...........,q + 4, we have f(𝑁−(𝑣𝑖)) = f(𝑁−(𝑣𝑖−1)) + f(𝑢2) + f(𝑢3) + f(𝑢4) = (-

1) + 1 + 1 + 1 = 2. 

Thus f is a ISTDF and w(f) = 4(+1) + (q +3) (-1) + 1(+1) = 4 – q – 3 + 1 = - q +2. 

Hence 𝛾𝑖𝑠𝑡(𝐷) ≤ - q +2. 

By Remark 4.1.1(b), f(𝑢𝑖) = + 1 for 1 ≤ i ≤ 4 and f(𝑣𝑞+4) = +1. 

Thus 𝛾𝑖𝑠𝑡(𝐷) ≥ 5 (+1) + (q+3) (-1) = 5+ -q -3 = -q + 2. 

Definition 13 

 The bidirectional cycle 𝐶𝑛
⃡⃗⃗⃗  is defined as a digraph with V (𝐶𝑛

⃡⃗⃗⃗ ) = {𝑣1, 𝑣2,...... , 𝑣𝑛} and 

A (𝐶𝑛
⃡⃗⃗⃗ ) = {𝑎𝑖 = (𝑣𝑖, 𝑣𝑖+1) : 1 ≤ i ≤ n} ∪ {𝑏𝑗= (𝑣𝑗 , 𝑣𝑗+1) : 1 ≤ i ≤ n}, where the subscript is 

taken modulo n. 

Definition 14 

 The unidirectional path 𝑃𝑛
⃡⃗  ⃗ is defined as a digraph with V (𝑃𝑛

⃡⃗  ⃗) = {𝑣1, 𝑣2,...... , 𝑣𝑛} and 

A (𝑃𝑛
⃡⃗  ⃗) = {𝑎𝑖 = (𝑣𝑖, 𝑣𝑖+1) : 1 ≤ i ≤ n – 1}. 

 

Lemma 15 

 (a) The bidirectional cycle 𝐶𝑛
⃡⃗⃗⃗  of order n ≥ 3 does not admit ISTDF. 

(b) The path 𝑃𝑛
⃡⃗  ⃗ of order n ≥ 2 does not admit ISTDF. 

Proof : 

(a) Let f be a ISTDF of 𝐶𝑛
⃡⃗⃗⃗ . 

Note that |𝑁−(v)| = 2 for all v 𝜖 V(𝐶𝑛
⃡⃗⃗⃗ ). 

By Remark 4.1.1(b) all the vertices of 𝐶𝑛
⃡⃗⃗⃗  must have +1 sign.  

In this case 𝑓(𝑁−(v)) = 2 for all v 𝜖 V(𝐶𝑛), a contradiction. 

(b) Let g be a ISTDF of 𝑃𝑛
⃡⃗  ⃗. 

Note that |𝑁−(𝑣1)| = 0, a contradiction. 

Definition 16 

 The unidirectional cycle 𝐶𝑛
⃡⃗⃗⃗  is defined as a digraph with V (𝐶𝑛

⃡⃗⃗⃗ ) = {𝑣1, 𝑣2,...... , 𝑣𝑛} 

and A (𝐶𝑛
⃡⃗⃗⃗ ) = {𝑎𝑖 = (𝑣𝑖, 𝑣𝑖+1) : 1 ≤ i ≤ n}, where the subscript is taken modulo n. 

Lemma 17 

Let n ≥ 3 be an integer. 

Then the unidirectional cycle 𝐶𝑛
⃡⃗⃗⃗  admits ISTDF  

with 𝛾𝑖𝑠𝑡(𝐶𝑛
⃡⃗⃗⃗ ) = n. 

Proof : 

 Let f be a ISTDF of 𝐶𝑛
⃡⃗⃗⃗ . 

Note that 𝑁−(𝑣𝑖) = {𝑣𝑖−1} and 𝑁−(𝑣𝑖)| = 1 for 1 ≤ i ≤ n.  

By Remark 4.1.1(b) all the vertices of 𝑃𝑛
⃡⃗  ⃗ must have + 1 sign. 

In this case f(𝑁−(𝑣𝑖)) = 1 for 1 for 1 ≤ i ≤ n.  

Thus 𝛾𝑖𝑠𝑡(𝐶𝑛
⃡⃗⃗⃗ ) ≤ n. 
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