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Abstract. Let G be a (p, q) graph. Let f : V (G) → {1, 2, . . . , k} be a map where k ∈ N is a variable 
and k > 1. For each edge uv, assign the label gcd(f (u), f (v)). The map f is called a k- Total prime 
cordial labeling of G if |tpf (i) − tpf (j)| ≤ 1, i, j ∈ 
{1, 2, · · · , k} where tpf (x) denotes the total number of vertices and 
the edges labelled with x. A graph with a k-total prime cordial 
labeling is called k-total prime cordial graph. In this paper we investigate the 4-total prime cordial labeling 
of G ∪ Bn,n, where G has a 4-total prime cordial labeling and Bn,n is a bistar. 
 

1. Introduction 

Graphs considered here are finite, simple and undirected. A weaker version of graceful and harmonious 

labeling called cordial labeling was introduced by cahit [2]. Several cordial related labelings have been 

studied in [1, 10, 4]. Ponraj et al. [6], have been introduced the notion of k-total prime cordial labeling and 

the k-total prime cordial labeling of some graphs have been investigated. In this paper, we investigate 
the 4-total prime cordial labeling of G ∪ Bn,n, where G has a 4-total prime cordial labeling and Bn,n is a bistar. 
 

2. k-total prime cordial labeling 
Definition 2.1. Let G be a (p, q) graph. Let f : V (G) → {1, 2, . . . , k} be a function where k ∈ N is a variable 
and k > 1. For each edge uv, assign the label gcd(f (u), f (v)). The map f is called k-Total prime cordial 
labeling of G if |tpf (i) − tpf (j)| ≤ 1, i, j ∈ {1, 2, · · · , k} where tpf (x) denotes the total number of vertices and the 
edges labelled with 
x. A graph with a k-total prime cordial labeling is called k-total prime cordial graph. 
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Definition 2.2. The union of two graphs G1 and G2 is the graph G1 ∪ G2 with V (G1 ∪ G2) = V (G1) ∪ V 
(G2) and E(G1 ∪ G2) = E(G1) ∪ E(G2). 
Definition 2.3. A bipartite graph is a graph whose vertex set V (G) can be partitioned into two subsets V1 
and V2 such that every edge of G joins a vertex of V1 with a vertex of V2. If G contains every edge 
joining V1 and V2, then G is a complete bipartite graph. If |V1| = m 

and |V2| = n, then the complete bipartite graph is denoted by Km,n. 

Definition 2.4. K1,n is called a star . 

Definition 2.5. The bistar Bm,n is the graph obtained by making adjacent the two central vertices of K1,m 

and K1,n. 

 

3. Preliminaries 

Theorem 3.1. [6] The bistar Bn,n is 4-total prime cordial for all values of n. 

Before proving the main theorem, we once again defined the 4-total prime cordial labeling g of the bistar 

Bn,n: 

 

For n = 4k and k ∈ N. The labeling pattern is given in Table 1 

 

Vertices Labels 

u 4 

v 3 

u1, . . . , u2k 4 

u2k+1, . . . , u4k 2 

v1, . . . , v2k 3 

v2k+1, . . . , v4k 1 

Table 1: 
In the case of n = 4k + 1 and k ∈ N. The labeling pattern is given in Table 2 
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Vertices Labels 

u 4 

v 3 

u1, . . . , u2k 4 

u2k+1, . . . , u4k 2 

u4k+1 2 

v1, . . . , v2k 3 

v2k+1, . . . , v4k 1 

v4k+1 4 

Table 2: 

 

For n = 4k + 2 and k ∈ N. The labeling patter n is given in Table 3 

 

 

Vertices Labels 

u 4 

v 3 

u1, . . . , u2k 4 

u2k+1, . . . , u4k 2 

u4k+1 2 

u4k+2 1 

v1, . . . , v2k 3 

v2k+1, . . . , v4k−1 1 

v4k 3 

v4k+1 2 

v4k+2 4 

 

n is given in Table 3 

In the case of n = 4k + 3 and k ∈ N. The labeling pattern is given in Table 4 

 

Vertices Labels 

u 4 

v 3 

u1, . . . , u2k 4 

u2k+1, . . . , u4k 2 

u4k+1 2 

u4k+2 1 

u4k+3 4 

v1, . . . , v2k 3 

v2k+1, . . . , v4k−1 1 

v4k 3 

v4k+1 2 

v4k+2 4 

v4k+3 2 
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Table 4:For n ∈ {1, 2, 3}. The labeling pattern is given in Table 5 

n u v u1 u2 u3 v1 v2 v3 

B1,1 2 3 4   4   

B2,2 4 3 4 2  3 1  

B3,3 4 3 4 2 2 3 1 4 

Table 5: 

 

Remark. 2-total prime cordial graph is 2-total product cordial graph. 

4. Main Results 

Theorem 4.1. Let G be a (p,q) 4- total prime cordial graph then, 

G ∪ Bn,n is 4- total prime cordial for all n ≥ 4. 
Proof. Let u, v be the central vertices of the bistar Bn,n and ui (1 ≤ i ≤ n) be the pendent vertices adjacent 
to u and vi (1 ≤ i ≤ n) be the pendent vertices adjacent to v. Let f be the 4- total prime cordial 

labeling of G and g be the 4- total prime cordial labeling of bistar Bn,n 

as in Theorem 3.1. We now define φ : V (G) ∪ V (Bn,n) → {1, 2, 3, 4} by 

  

𝜑(𝑢) = {
𝑓(𝑢), 𝑖𝑓  𝑢 𝜖𝑉(𝐺)

𝑔(𝑢),          𝑖𝑓  𝑢 𝜖𝐵𝑛,𝑛
                                              

To prove our result, we have to split the proof into 15 cases. 

 

Case 1. p + q ≡ 0 (mod 4). 

Suppose tpf (1) = tpf (2) = tpf (3) = tpf (4) = r. 

Subcase 1(a). n ≡ 0 (mod 4). 
Let n = 4k and k ∈ N. As in case 1 of Theorem 3.1, fix the label to the vertices u, v, ui (1 ≤ i ≤ 4k) and vi (1 ≤ 
i ≤ 4k) together with the 4- total prime cordial f of G is also satisfies the condition of 4-total prime 
cordial labeling of this case. Then tpφ(1) = tpφ(2) = tpφ(3) = 4k + r + 1 and tpφ(4) = 4k + r. 

Subcase 1(b). n ≡ 1 (mod 4). 
Let n = 4k + 1 and k ∈ N. As in case 2 of Theorem 3.1, fix the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 1) and 
vi (1 ≤ i ≤ 4k + 1) together with the 4-total prime cordial f of G is also satisfies the condition of 
4-total prime cordial labeling of this case.  Then tpφ(1) = tpφ(2) = 

tpφ(4) = 4k + r + 2 and tpφ(3) = 4k + r + 1. 

Subcase 1(c). n ≡ 2 (mod 4). 
Let n = 4k + 2 and k ∈ N. As in case 3 of Theorem 3.1, fix the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 2) and 
vi (1 ≤ i ≤ 4k + 2) together with the 4-total prime cordial f of G is also satisfies the condition of 4-total 
prime cordial labeling of this case.  Then tpφ(1) = tpφ(2) = 

tpφ(3) = 4k + r + 3 and tpφ(4) = 4k + r + 2. 

Subcase 1(d). n ≡ 3 (mod 4). 
Let n = 4k + 3 and k ∈ N. As in case 4 of Theorem 3.1, fix the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 3) and 
vi (1 ≤ i ≤ 4k + 3) together with the 4-total prime cordial f of G is also satisfies the condition of 
4-total prime cordial labeling of this case.  Then tpφ(1) = tpφ(2) = 

tpφ(4) = 4k + r + 4 and tpφ(3) = 4k + r + 3. 

Case 2. p + q ≡ 1 (mod 4). 

Suppose tpf (1) = tpf (2) = tpf (3) = r and tpf (4) = r + 1. 

Subcase 2(a). n ≡ 0 (mod 4). 
Let n = 4k and k ∈ N. As in case 1 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k) and vi 
(1 ≤ i ≤ 4k). Next we relabel the vertices 3, 4 and 2 by u2k, v4k−1 and v4k respectively. Let h be this 
relabeled technique of the bistar Bn,n. Let 

  

                                                 𝜑(𝑢) = {
𝑓(𝑢), 𝑖𝑓  𝑢 𝜖𝑉(𝐺)

𝑔(𝑢),          𝑖𝑓  𝑢 𝜖𝐵𝑛,𝑛
…………….(1) 

 

Then tpφ(1) = tpφ(2) = tpφ(3) = tpφ(4) = 4k + r + 1. 

Subcase 2(b). n ≡ 1 (mod 4). 

. 

. 
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Let n = 4k + 1 and k ∈ N. As in case 2 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 
1) and vi (1 ≤ i ≤ 4k + 1). Finally we relabel the vertex u2k by 3 and v4k by 4. Let h be defined by 
the relabeled technique of the bistar Bn,n in (1). Let φ be the function as in (1). It is easy to verify that 

tpφ(1) = tpφ(2) = tpφ(3) = tpφ(4) = 4k + r + 2. 

Subcase 2(c). n ≡ 2 (mod 4). 
Let n = 4k +2 and k ∈ N. As in case 3 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 2) 
and vi (1 ≤ i ≤ 4k + 2) together with the 4-total prime cordial f of G is also satisfies the condition of 
4-total prime cordial labeling of this case.  Then tpφ(1) = tpφ(2) = 

tpφ(3) = tpφ(4) = 4k + r + 3. 

Subcase 2(d). n ≡ 3 (mod 4). 
Let n = 4k + 3 and k ∈ N. As in case 4 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 
3) and vi (1 ≤ i ≤ 4k + 3). Finally we relabel the vertex u4k+2 by 3 and v4k+1 by 1. Then tpφ(1) = 

tpφ(2) = tpφ(3) = tpφ(4) = 4k + r + 4 where h and φ defined as in (1). 

Case 3. p + q ≡ 1 (mod 4). 

Suppose tpf (1) = tpf (2) = tpf (4) = r and tpf (3) = r + 1. 

Subcase 3(a). n ≡ 0 (mod 4). 
Let n = 4k and k ∈ N. As in case 1 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k) 
and vi (1 ≤ i ≤ 4k − 3). Next 
we assign the labels 2, 2 and 2 to the vertices v4k−2, v4k−1 and v4k respectively. Let h be defined by the 

relabeled technique of the bistar Bn,n in (1). Let φ be the function as in (1). It is easy to verify that tpφ(1) 

= tpφ(2) = tpφ(3) = tpφ(4) = 4k + r + 1. 

Subcase 3(b). n ≡ 1 (mod 4). 
Let n = 4k +1 and k ∈ N. As in case 2 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 1) 
and vi (1 ≤ i ≤ 4k + 1) together with the 4-total prime cordial f of G is also satisfies the condition of 
4-total prime cordial labeling of this case.  Then tpφ(1) = tpφ(2) = 

tpφ(3) = tpφ(4) = 4k + r + 2. 

Subcase 3(c). n ≡ 2 (mod 4). 
Let n = 4k + 2 and k ∈ N. As in case 3 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 
2) and vi (1 ≤ i ≤ 4k + 2). Finally we relabel the vertex u4k+2 by 3 and v4k+2 by 4. Then tpφ(1) = 

tpφ(2) = tpφ(3) = tpφ(4) = 4k + r + 3 where h and φ defined as in (1). 

Subcase 3(d). n ≡ 3 (mod 4). 
Let n = 4k +3 and k ∈ N. As in case 4 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 3) 
and vi (1 ≤ i ≤ 4k + 3) together with the 4-total prime cordial f of G is also satisfies the condition of 
4-total prime cordial labeling of this case.  Then tpφ(1) = tpφ(2) = 

tpφ(3) = tpφ(4) = 4k + r + 4. 

Case 4. p + q ≡ 1 (mod 4). 

Suppose tpf (1) = tpf (3) = tpf (4) = r and tpf (2) = r + 1. 

Subcase 4(a). n ≡ 0 (mod 4). 
Let n = 4k and k ∈ N. As in case 1 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k) and 
vi (1 ≤ i ≤ 4k) together with the 4-total prime cordial f of G is also satisfies the condition of 4-total 
prime cordial labeling of this case. Then tpφ(1) = tpφ(2) = tpφ(3) = 

tpφ(4) = 4k + r + 1. 

Subcase 4(b). n ≡ 1 (mod 4). 
Let n = 4k +1 and k ∈ N. As in case 2 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 1) 
and vi (1 ≤ i ≤ 4k + 1). Finally we relabel the vertex u4k by 3 and v4k−1 by 2. Let h be defined by the 
relabeled technique of the bistar Bn,n in (1). Let φ be the function as in (1). It is easy to verify that 

tpφ(1) = tpφ(2) = tpφ(3) = tpφ(4) = 4k + r + 2. 

Subcase 4(c). n ≡ 2 (mod 4). 
Let n = 4k + 2 and k ∈ N. As in case 3 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 
2) and vi (1 ≤ i ≤ 4k + 2). Finally we relabel the vertex v4k by 4. Then tpφ(1) = tpφ(2) = tpφ(3) = 

tpφ(4) = 4k + r + 3 where h and φ defined as in (1). 

Subcase 4(d). n ≡ 3 (mod 4). 
Let n = 4k +3 and k ∈ N. As in case 4 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 3) 
and vi (1 ≤ i ≤ 4k + 3). Finally we relabel the vertex v4k by 3.  Let h be defined by the relabeled 
technique of the bistar Bn,n in (1). Let φ be the function as in (1). It is easy to verify that tpφ(1) = tpφ(2) 

= tpφ(4) = 4k + r + 4 and tpφ(3) = 4k + r + 5. 
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Case 5. p + q ≡ 1 (mod 4). 

Suppose tpf (2) = tpf (3) = tpf (4) = r and tpf (1) = r + 1. 

Subcase 5(a). n ≡ 0 (mod 4). 
Let n = 4k and k ∈ N. As in case 1 of Theorem 3.1, fix the label to the vertices u, v, ui (1 ≤ i ≤ 4k) and vi (1 
≤ i ≤ 4k). Finally we relabel the vertex v4k by 2. Then tpφ(1) = tpφ(2) = tpφ(3) = tpφ(4) = 4k + r + 1 

where h and φ defined as in (1). 

Subcase 5(b). n ≡ 1 (mod 4). 
Let n = 4k + 1 and k ∈ N. As in case 2 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 
1) and vi (1 ≤ i ≤ 4k + 1). Finally we relabel the vertex u4k+1 by 3, v4k−1 and v4k by 2. Let h 
be defined by the relabeled technique of the bistar Bn,n in (1). Let φ be the function as in (1). It is easy 

to verify that tpφ(1) = tpφ(2) = tpφ(3) = tpφ(4) = 4k + r + 2. 

Subcase 5(c). n ≡ 2 (mod 4). 
Let n = 4k +2 and k ∈ N. As in case 3 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 2) 
and vi (1 ≤ i ≤ 4k + 2). Finally we relabel the vertex u4k+2 by 4 and v4k+1 by 1. Let h be defined by 
the relabeled technique of the bistar Bn,n in (1). Let φ be the function as in (1). It is easy to verify that 

tpφ(1) = tpφ(2) = tpφ(3) = tpφ(4) = 4k + r + 3. 

Subcase 5(d). n ≡ 3 (mod 4). 
Let n = 4k + 3 and k ∈ N. As in case 4 of Theorem 3.1, fix the label to the vertices u, v, ui (1 ≤ i ≤ 4k +3) and 
vi (1 ≤ i ≤ 4k +3). Finally we relabel the vertex v4k+2 by 3. Then tpφ(1) = tpφ(2) = tpφ(3) = tpφ(4) = 

4k + r + 4 where h and φ defined as in (1). 

Case 6. p + q ≡ 2 (mod 4). 

Suppose tpf (1) = tpf (2) = r + 1 and tpf (3) = tpf (4) = r. 

Subcase 6(a). n ≡ 0 (mod 4). 
Let n = 4k and k ∈ N. As in case 1 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k) 
and vi (1 ≤ i ≤ 4k) together with the 4-total prime cordial f of G is also satisfies the condition of 
4-total prime cordial labeling of this case. Then tpφ(1) = 4k + r + 2 and tpφ(2) = tpφ(3) = tpφ(4) = 4k + r + 

1. 

Subcase 6(b). n ≡ 1 (mod 4). 
Let n = 4k + 1 and k ∈ N. As in case 2 of Theorem 3.1, fix the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 1) and 
vi (1 ≤ i ≤ 4k + 1). Finally we relabel the vertex u4k+1 by 3 and v4k by 2. Then tpφ(1) = 4k + r + 3 
and tpφ(2) = tpφ(3) = tpφ(4) = 4k + r + 2 where h and φ defined as in (1). 

Subcase 6(c). n ≡ 2 (mod 4). 

Let n = 4k + 2 and k ∈ N. The proof is similar to Subcase 5(c) in Case 

5. Then tpφ(1) = tpφ(3) = tpφ(4) = 4k + r + 3 and tpφ(2) = 4k + r + 4. 

Subcase 6(d). n ≡ 3 (mod 4). 

Let n = 4k + 3 and k ∈ N. The proof is similar to Subcase 5(d) in Case 

5. Then tpφ(1) = tpφ(3) = tpφ(4) = 4k + r + 4 and tpφ(2) = 4k + r + 5. 

Case 7. p + q ≡ 2 (mod 4). 

Suppose tpf (1) = tpf (3) = r + 1 and tpf (2) = tpf (4) = r. 

Subcase 7(a). n ≡ 0 (mod 4). 
Let n = 4k and k ∈ N. The proof is similar to Subcase 5(a) in Case 5. Then tpφ(1) = tpφ(2) = tpφ(4) = 4k + r 
+ 1 and tpφ(3) = 4k + r + 2. 

Subcase 7(b). n ≡ 1 (mod 4). 
Let n = 4k +1 and k ∈ N. As in case 2 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 1) 
and vi (1 ≤ i ≤ 4k + 1) together with the 4-total prime cordial f of G is also satisfies the condition of 
4-total prime cordial labeling of this case. Then tpφ(1) = 4k + r + 3 and tpφ(2) = tpφ(3) = tpφ(4) = 4k + r + 

2. 

Subcase 7(c). n ≡ 2 (mod 4). 

Let n = 4k + 2 and k ∈ N. The proof is similar to Subcase 5(c) in Case 

5. Then tpφ(1) = tpφ(2) = tpφ(4) = 4k + r + 3 and tpφ(3) = 4k + r + 4. 

Subcase 7(d). n ≡ 3 (mod 4). 
Let n = 4k +3 and k ∈ N. As in case 4 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 3) 
and vi (1 ≤ i ≤ 4k + 3) together with the 4-total prime cordial f of G is also satisfies the condition of 
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4-total prime cordial labeling of this case. Then tpφ(1) = 4k + r + 5 and tpφ(2) = tpφ(3) = tpφ(4) = 4k + r + 

4. 

Case 8. p + q ≡ 2 (mod 4). 

Suppose tpf (1) = tpf (4) = r + 1 and tpf (2) = tpf (3) = r. 

Subcase 8(a). n ≡ 0 (mod 4). 
Let n = 4k and k ∈ N. The proof is similar to Subcase 5(a) in Case 5. Then tpφ(1) = tpφ(2) = tpφ(3) = 4k + r 
+ 1 and tpφ(4) = 4k + r + 2. 

Subcase 8(b). n ≡ 1 (mod 4). 
Let n = 4k +1 and k ∈ N. As in case 2 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 1) 
and vi (1 ≤ i ≤ 4k + 1). Finally we relabel the vertex u4k by 3 and u4k+1 by 1. Let h be defined by the 
relabeled technique of the bistar Bn,n in (1). Let φ be the function as 

in (1). It is easy to verify that tpφ(1) = tpφ(2) = tpφ(4) = 4k + r + 2 and tpφ(3) = 4k + r + 3. 

Subcase 8(c). n ≡ 2 (mod 4). 
Let n = 4k +2 and k ∈ N. As in case 3 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 2) 
and vi (1 ≤ i ≤ 4k + 2) together with the 4-total prime cordial f of G is also satisfies the condition of 
4-total prime cordial labeling of this case. Then tpφ(1) = 4k + r + 4 and tpφ(2) = tpφ(3) = tpφ(4) = 4k + r + 

3. 

Subcase 8(d). n ≡ 3 (mod 4). 

Let n = 4k + 3 and k ∈ N. The proof is similar to Subcase 5(d) in Case 

5. Then tpφ(1) = tpφ(2) = tpφ(3) = 4k + r + 4 and tpφ(4) = 4k + r + 5. 

Case 9. p + q ≡ 2 (mod 4). 

Suppose tpf (2) = tpf (3) = r + 1 and tpf (1) = tpf (2) = r. 

Subcase 9(a). n ≡ 0 (mod 4). 
Let n = 4k and k ∈ N. As in case 1 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k) and 
vi (1 ≤ i ≤ 4k) together with the 4-total prime cordial f of G is also satisfies the condition of 4-total 
prime cordial labeling of this case. Then tpφ(1) = tpφ(2) = tpφ(4) = 4k + r + 1 and tpφ(3) = 4k + r + 2. 

Subcase 9(b). n ≡ 1 (mod 4). 
Let n = 4k +1 and k ∈ N. As in case 2 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 1) 
and vi (1 ≤ i ≤ 4k + 1) together with the 4-total prime cordial f of G is also satisfies the condition of 
4-total prime cordial labeling of this case.  Then tpφ(1) = tpφ(3) = 

tpφ(4) = 4k + r + 2 and tpφ(2) = 4k + r + 3. 

Subcase 9(c). n ≡ 2 (mod 4). 
Let n = 4k +2 and k ∈ N. As in case 3 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 2) 
and vi (1 ≤ i ≤ 4k + 2). Finally we relabel the vertex u4k+2 by 3 and v4k+2 by 4. Let h be defined by 
the relabeled technique of the bistar Bn,n in (1). Let φ be the function as in (1). It is easy to verify that 

tpφ(1) = tpφ(3) = tpφ(4) = 4k + r + 3 and tpφ(2) = 4k + r + 4. 

Subcase 9(d). n ≡ 3 (mod 4). 
Let n = 4k +3 and k ∈ N. As in case 4 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 3) 
and vi (1 ≤ i ≤ 4k + 3) together with the 4-total prime cordial f of G is also satisfies the condition of 
4-total prime cordial labeling of this case. Then tpφ(2) = 4k + r + 5 and tpφ(1) = tpφ(3) = tpφ(4) = 4k + r + 

4. 

Case 10. p + q ≡ 2 (mod 4). 

Suppose tpf (2) = tpf (4) = r + 1 and tpf (1) = tpf (3) = r. 

Subcase 10(a). n ≡ 0 (mod 4). 
Let n = 4k and k ∈ N. As in case 1 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k) and 
vi (1 ≤ i ≤ 4k) together with the 4-total prime cordial f of G is also satisfies the condition of 4-total 
prime cordial labeling of this case. Then tpφ(1) = tpφ(2) = tpφ(3) = 4k + r + 1 and tpφ(4) = 4k + r + 2. 

Subcase 10(b). n ≡ 1 (mod 4). 
Let n = 4k +1 and k ∈ N. As in case 2 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 1) 
and vi (1 ≤ i ≤ 4k + 1). Finally we relabel the vertex u4k+1 by 3 and v4k+1 by 2. Let h be defined by 
the relabeled technique of the bistar Bn,n in (1). Let φ be the function as in (1). It is easy to verify that 

tpφ(2) = tpφ(3) = tpφ(4) = 4k + r + 2 and tpφ(1) = 4k + r + 3. 

Subcase 10(c). n ≡ 2 (mod 4). 
Let n = 4k +2 and k ∈ N. As in case 3 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 2) 
and vi (1 ≤ i ≤ 4k + 2) together with the 4-total prime cordial f of G is also satisfies the condition of 
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4-total prime cordial labeling of this case.  Then tpφ(1) = tpφ(3) = 

tpφ(4) = 4k + r + 3 and tpφ(2) = 4k + r + 4. 

Subcase 10(d). n ≡ 3 (mod 4). 
Let n = 4k +3 and k ∈ N. As in case 4 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 3) 
and vi (1 ≤ i ≤ 4k + 3). Finally we relabel the vertex u4k+2 by 3 and v4k+3 by 1. Let h be defined by 
the relabeled technique of the bistar Bn,n in (1). Let φ be the function as in (1). It is easy to verify that 

tpφ(1) = tpφ(2) = tpφ(3) = 4k + r + 4 and tpφ(4) = 4k + r + 5. 

Case 11. p + q ≡ 2 (mod 4). 

Suppose tpf (3) = tpf (4) = r + 1 and tpf (1) = tpf (2) = r. 

Subcase 11(a). n ≡ 0 (mod 4). 
Let n = 4k and k ∈ N. As in case 1 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k) and 
vi (1 ≤ i ≤ 4k). Finally we relabel the vertex u2k by 1, v4k−1 by 4 and v4k by 2. Let h be defined by 
the relabeled technique of the bistar Bn,n in (1). Let φ be the function as in (1). It is easy to verify that 

tpφ(1) = tpφ(2) = tpφ(4) = 4k + r + 1 and tpφ(3) = 4k + r + 2. 

Subcase 11(b). n ≡ 1 (mod 4). 
Let n = 4k +1 and k ∈ N. As in case 2 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 1) 
and vi (1 ≤ i ≤ 4k + 1) together with the 4-total prime cordial f of G is also satisfies the condition of 
4-total prime cordial labeling of this case.  Then tpφ(1) = tpφ(2) = 

tpφ(3) = 4k + r + 2 and tpφ(4) = 4k + r + 3. 

Subcase 11(c). n ≡ 2 (mod 4). 

Let n = 4k +2 and k ∈ N. As in case 3 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 2) 

and vi (1 ≤ i ≤ 4k + 2) together with the 4-total prime cordial f of G is also satisfies the condition of 

4-total prime cordial labeling of this case.  Then tpφ(1) = tpφ(2) = 

tpφ(4) = 4k + r + 3 and tpφ(3) = 4k + r + 4. 

Subcase 11(d). n ≡ 3 (mod 4). 

Let n = 4k +3 and k ∈ N. As in case 4 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 3) 

and vi (1 ≤ i ≤ 4k + 3) together with the 4-total prime cordial f of G is also satisfies the condition of 

4-total prime cordial labeling of this case.  Then tpφ(1) = tpφ(2) = 

tpφ(3) = 4k + r + 4 and tpφ(4) = 4k + r + 5. 

Case 12. p + q ≡ 3 (mod 4). 

Suppose tpf (1) = tpf (2) = tpf (3) = r + 1 and tpf (4) = r. 

Subcase 12(a). n ≡ 0 (mod 4). 

Let n = 4k and k ∈ N. As in case 1 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k) and 

vi (1 ≤ i ≤ 4k) together with the 4-total prime cordial f of G is also satisfies the condition of 4-total 

prime cordial labeling of this case. Then tpφ(1) = tpφ(3) = tpφ(4) = 4k + r + 2 and tpφ(2) = 4k + r + 1. 

Subcase 12(b). n ≡ 1 (mod 4). 

Let n = 4k +1 and k ∈ N. As in case 2 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 1) 

and vi (1 ≤ i ≤ 4k + 1) together with the 4-total prime cordial f of G is also satisfies the condition of 

4-total prime cordial labeling of this case. Then tpφ(1) = tpφ(2) = 4k + r + 3 and tpφ(3) = tpφ(4) = 4k + r 

+ 2. 

Subcase 12(c). n ≡ 2 (mod 4). 

Let n = 4k + 2 and k ∈ N. The proof is similar to Subcase 5(c) in Case 

5. Then tpφ(1) = tpφ(4) = 4k + r + 3 and tpφ(2) = tpφ(3) = 4k + r + 4. 

Subcase 12(d). n ≡ 3 (mod 4). 

Let n = 4k +3 and k ∈ N. As in case 4 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 3) 

and vi (1 ≤ i ≤ 4k + 3) together with the 4-total prime cordial f of G is also satisfies the condition of 

4-total prime cordial labeling of this case. Then tpφ(1) = tpφ(2) = 4k + r + 5 and tpφ(3) = tpφ(4) = 4k + r 

+ 4. 

Case 13. p + q ≡ 3 (mod 4). 

Suppose tpf (1) = tpf (2) = tpf (4) = r + 1 and tpf (3) = r. 

Subcase 13(a). n ≡ 0 (mod 4). 

Let n = 4k and k ∈ N. As in case 1 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k) and 

vi (1 ≤ i ≤ 4k) together with the 4-total prime cordial f of G is also satisfies the condition of 4-total 

prime cordial labeling of this case. Then tpφ(1) = tpφ(4) = 4k + r + 2 and tpφ(2) = tpφ(3) = 4k + r + 1.
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Subcase 13(b). n ≡ 1 (mod 4). 

Let n = 4k + 1 and k ∈ N. The proof is similar to Subcase 4(b) in Case 

4. Then tpφ(1) = tpφ(4) = 4k + r + 3 and tpφ(2) = tpφ(3) = 4k + r + 2. 

Subcase 13(c). n ≡ 2 (mod 4). 
Let n = 4k +2 and k ∈ N. As in case 3 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 2) 
and vi (1 ≤ i ≤ 4k + 2) together with the 4-total prime cordial f of G is also satisfies the condition of 
4-total prime cordial labeling of this case. Then tpφ(1) = tpφ(2) = 4k + r + 4 and tpφ(3) = tpφ(4) = 4k + r 

+ 3. 

Subcase 13(d). n ≡ 3 (mod 4). 
Let n = 4k + 3 and k ∈ N. As in case 3 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 
3) and vi (1 ≤ i ≤ 4k + 3). Finally we relabel the vertex u4k+3 by 3.  Let h be defined by the 
relabeled technique of the bistar Bn,n in (1). Let φ be the function as in (1). It is easy to verify that tpφ(1) 

= tpφ(2) = 4k + r + 4 and tpφ(3) = tpφ(4) = 4k + r + 5. 

Case 14. p + q ≡ 3 (mod 4). 

Suppose tpf (1) = tpf (3) = tpf (4) = r + 1 and tpf (2) = r. 

Subcase 14(a). n ≡ 0 (mod 4). 
Let n = 4k and k ∈ N. The proof is similar to Subcase 5(a) in Case 5. Then tpφ(1) = tpφ(2) = 4k + r + 1 and 
tpφ(3) = tpφ(4) = 4k + r + 2. 

Subcase 14(b). n ≡ 1 (mod 4). 
Let n = 4k +1 and k ∈ N. As in case 2 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 1) 
and vi (1 ≤ i ≤ 4k + 1) together with the 4-total prime cordial f of G is also satisfies the condition of 
4-total prime cordial labeling of this case. Then tpφ(1) = 4k + r + 3 and tpφ(2) = tpφ(3) = tpφ(4) = 4k + r + 

2. 

Subcase 14(c). n ≡ 2 (mod 4). 
Let n = 4k +2 and k ∈ N. As in case 3 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 2) 
and vi (1 ≤ i ≤ 4k + 2) together with the 4-total prime cordial f of G is also satisfies the condition of 
4-total prime cordial labeling of this case. Then tpφ(1) = tpφ(3) = 4k + r + 4 and tpφ(2) = tpφ(4) = 4k + r 

+ 3. 

Subcase 14(d). n ≡ 3 (mod 4). 
Let n = 4k +3 and k ∈ N. As in case 4 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 3) 
and vi (1 ≤ i ≤ 4k + 3) together with the 4-total prime cordial f of G is also satisfies the condition of 
4-total prime cordial labeling of this case. Then tpφ(1) = tpφ(4) = 4k + r + 5 and tpφ(2) = tpφ(3) = 4k + r 

+ 4. 

Case 15. p + q ≡ 3 (mod 4). 

Suppose tpf (2) = tpf (3) = tpf (4) = r + 1 and tpf (1) = r. 

Subcase 15(a). n ≡ 0 (mod 4). 
Let n = 4k and k ∈ N. As in case 1 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k) and 
vi (1 ≤ i ≤ 4k) together with the 4-total prime cordial f of G is also satisfies the condition of 4-total 
prime cordial labeling of this case. Then tpφ(1) = tpφ(2) = 4k + r + 1 and tpφ(3) = tpφ(4) = 4k + r + 2. 

Subcase 15(b). n ≡ 1 (mod 4). 
Let n = 4k +1 and k ∈ N. As in case 2 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 1) 
and vi (1 ≤ i ≤ 4k + 1) together with the 4-total prime cordial f of G is also satisfies the condition of 
4-total prime cordial labeling of this case. Then tpφ(1) = tpφ(3) = 4k + r + 2 and tpφ(2) = tpφ(4) = 4k + r 

+ 3. 

Subcase 15(c). n ≡ 2 (mod 4). 
Let n = 4k +2 and k ∈ N. As in case 3 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 2) 
and vi (1 ≤ i ≤ 4k + 2) together with the 4-total prime cordial f of G is also satisfies the condition of 
4-total prime cordial labeling of this case. Then tpφ(1) = tpφ(4) = 4k + r + 3 and tpφ(2) = tpφ(3) = 4k + r 

+ 4. 

Subcase 15(d). n ≡ 3 (mod 4). 
Let n = 4k +3 and k ∈ N. As in case 4 of Theorem 3.1, assign the label to the vertices u, v, ui (1 ≤ i ≤ 4k + 3) 
and vi (1 ≤ i ≤ 4k + 3) together with the 4-total prime cordial f of G is also satisfies the condition of 
4-total prime cordial labeling of this case. Then tpφ(1) = tpφ(3) = 4k + r + 4 and tpφ(2) = tpφ(4) = 4k + r 

+ 5. 
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5. Illustration 

4-total prime cordial graph of Jelly fish J5,5 is given below: 

 

 
Figure 1 

 
 

Figure 2. B5,5 

 
Change the label of u4 by 3 and v5 by 2 as in Subcase 4(b). We get a 4-total prime cordial labeling of 
J5,5 ∪ B5,5 is shown in Figure 3. 
 
 

Figure 3. J5,5 ∪ B5,5 
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6. Conclusion 
We have discuss the 4-total prime cordial labeling of G ∪ Bn,n, where G is a 4-total prime cordial graph. The 
investigation of 4-total prime cordiality of G ∪ H, G is a 4-total prime cordial graphs and H is any other 
graphs is an open problem for future research work. 
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