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Abstract

Blood flow is the study of measuring blood pressure and determining the flow through blood vessels.
The problem of blood flow has been studied for centuries, one motivation being to understand the
conditions that cause hypertension. This article presents a mathematical modelling of arterial blood
flow derived from the Navier-Stokes equations and some assumptions. A system of nonlinear partial
differential equations for blood flow and arterial cross-sectional area was obtained. Blood is non-
Newtonian fluid and to model such fluid is very complicated. Even though this will make the problem
much simpler, it still is valid since blood in a large vessel acting almost like a Newtonian fluid. The
obtained result is very sensitive to the values of the initial state and it helps to explain the state of
hypertension.

Keywords: Mathematical modelling, Navier-Stokes equations, Newtonian fluid, non-Newtonian fluid,
arterial flow, MATLAB.

Introduction:

Blood flow is a study to measure blood pressure and find the flow through a blood vessel. His research
is important for human health. Most studies examine blood flow in arteries and veins. One of the
motives for studying the circulation was to understand the conditions that can contribute to high blood
pressure. Blood is a non-Newtonian fluid and modelling such a fluid is very difficult. In this problem,
blood is assumed to be a Newtonian fluid. Although this makes the problem much simpler, it still holds
because blood in a large vessel behaves almost like a Newtonian fluid.

At some level, simplification attempts have been made up to various degrees, in accordance with the
scale of the phenomena under our study. Agrawal, B., Kumar, S., Rakshit, S. (2022). shows a
mathematical study of the flow of the non-Newtonian fluid, blood through arterial segment affected by
stenosis [20]. In (2021) 1A Tantry, S Wani, B Agrawal shows the effect of radiation on steady MHD
boundary layer flow over an exponentially stretching sheet was investigated [17]. Khoja, I. M., &
Agrawal, B. (2021) Show that the blood pressure is influenced by both of the cross-sectional area and
the length of the blood vessel [21]. It is also observed by Agrawal, B., Kumar, S., Das, G. (2022), that
wall shear stress increases as height of stenosis and porous parameter increase whereas it decreases
with the increasing values of velocity of blood and slope of stenosed artery [18]. Damno, M. M.,
Agrawal, B., Kumar, S., Das, G., (2021). Shows the effects of modeling blood flow through a stenosis
and an aneurysm using five different blood rheological models is presented in this investigation. The
flow field and wall shear stress distributions produced by each model are investigated for various flow
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rates and degrees of abnormality. The results show that there are significant differences between
simulating blood as a Newtonian or non- Newtonian fluid [19]. Mir, A. M., & Agrawal, B. D. (2021).
Concluded that we can utilize our knowledge of gene regulatory apparatus encoded in DNA to produce
new microorganisms with unexpected properties [22]. Rakshit, S., Agrawal, B., Kumar, S. (2023).
Identified that a mathematical of flow of blood in a segment of an artery by a non-homogenous
approach [23].

Formula of governing equations:

Yang, Zhang and Asada’s investigated on Cuff-less continuous monitoring of blood pressure using a
hemodynamic model. Here we adopted the local arterial flow model of Yang, Zhang and Asada [3].
This includes the assumptions that the artery is a rectilinear, deformable, thick shell of isotropic,
incompressible material with a circular cross-section and no longitudinal motions. At the same time,
blood is considered an incompressible Newtonian fluid and the flow is axially symmetric. The model
approach is to use the two-dimensional Navier-Stokes equations and the continuity equation for a
Newtonian and incompressible fluid in cylindrical coordinate (r, z, t):
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Where, p=Pressure, d =density, v =Kinematic viscosity,
u (r, z,t) =The components of velocity in axial (z) directions,

w(r,z,t)=The components of velocity in radial (z) directions.

For convenience, we define a new variable A, which is the radial coordinate: A= R( t)
Z,
4)

Where R ( z,t) denotes the inner radius of the vessel. Assuming that P is independent of the radial

coordinate A then the pressure P is uniform within the cross-section (P = P(z,t)) :

Hence
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OU_q oW g P
0z° 0z° or

Using simple algebra to change the variable such as:

(au(r,z,t)j: u(4t) o4 du(At)
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Equation (1), (2) and (3) can be written in the new coordinate (/1, z, t) as
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An example of a hemodynamic model is the above system of equations. According to [3], Belardinelli
and Cavalcanti assumed that the velocity profile in the axial direction, u (/1, z,t) , would have the

following formula in polynomial form

u(4zt) Zq (2 -1) ®)

Despite the fact that the radial velocity profile is

R R, OR1
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[3] choose N =1 to simplify (8) and (9), so that
u(4,z,t)=q(z 1 (2*-1) (10)
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The dynamic equations of q(z,t) and R(z,t), which are obtained by substituting equations (10) and
(11) into equations (5) and (7), are:

69 4q0R 29°AR 4v  16P
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Now, the cross —sectional area S(z,t) and blood flow Q(z,t) are defined as:

S=7zR?> and Q=J- uaxizézzqu,

Equations (12) and (13) can be expressed in terms of Q(z,t) and S(z,t) using these definitions:
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By resolving the governing equations (14) and (15), the answers to the cross-sectional area of the
artery and its related blood flow can now be found (15). Equations (14), (15) form a system of
nonlinear partial differential equations. Such a problem is solved using the finite difference approach.
The equations will first be discretized using the first order accuracy difference formula shown below:

@ _ Q_Qi—l and aSm _ Si+l_Si

ot AZ 0z Az

Where Az = L/ ( N —l) , S0 that the equations becomes difference equations:

2
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Where i=1,2,3,...N .Here the pressure gradient 8_ is kept constant and the value is prescribed.
Z

Figure -1 below displays the artery model's discretization.

L
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Figure 1: Discretization of the arterial model.

Since we are just interested in the local artery segment, we can linearize equation (16) to reduce the
complexity of the governing equations.

@4_4_7”/ i+ia_P+ia_P:0 (18)
ot s, O 2daz 2daz

Equations (17) through (18) make up the system of equations that must now be solved, and the
numerical solutions are covered in the following section.
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Numerical Method

It is interesting to note that the difference equations (17) and (18) can be expressed using the formula
oy

— = , Where
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Now we use the most natural and fast habit to solve aforementioned question is by using MatLab
included function ODEA45, that is established Runge-Kutta Method. The values of parameters that are

required are the initial value of the blood flow, Q, , the initial cross-sectional area, S, the axial pressure

oP
gradient 6_ : the kinematic viscosity % and deity
z

d for blood.
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The required values in normal condition can be obtained from past works in the field such as:

Initial value of Q and Q, = 1 to 5.4 litre/minute [2]

Initial value of Sand S, =1.5 t0 2.0 cm® [14]

Z_P = 100 to 40 mmHg [15]
74

v=0.035cm*® /s [16]
d =1.05g /cm® [16]

Results and Discussions:

In order to simulate the influence of the arterial cross-section on the blood flow inthe artery,
the parameter values listed in the previous section are chosen:d =1.05¢g/cm, v =0.035cm?/s

, Q, =16.7cm®/s and S, =1.5cm?. For the sake of simplicity, we have chosen the length of the

artery model to be L =15cm and the number of nodes inthe systemtobe N =3
. Considering only the arteries in the diastolic state, the chosen time interval is 0.2 seconds.
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Figure 2: (A) is the blood flow rate against time and (B) is the cross-sectional area against time.

Now Figure 2 shows blood flow velocity and cross sections for each node. It was observed that the
results for Q, Q, and Q, were almost the same as in Figure. 2(A). Similarly, the values of S, S, and

S; in Figure 2(B) are very close and almost constant. This shows that the blood flow

and cross section values are almost the same inasmall section of the arteries. This may be due to
the missing viscoelastic effect in the model. Since there is not much difference in blood flow the slices,
slice, namelyS,, to compare the different cross-sectional

values. As you can see, the blood flow value decreases from the initial This
also applies to the cross-section, which, however, decreases less, as shown in

we consider only one

value.
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Figure 3.

1500003 T T T T T T T T T

1500000

1499995 -

§

14995 L

osssectamal area {an 2 b
=
B3
8

1499975 -

149910 |-

149095 1

1 1 il 1 L | 1 L 1
0 002 O0M 006 008 01 012 0M 016 018 02
time (sec)

1499960

Figure 3: The cross-sectional area against time

We have shown that blood flow in the arteries decreases linearly over time, and that this condition holds
only in the diastolic state. This shows that without changing the pressure gradient value and the cross-
section of the arteries, the blood flow does not change significantly over time. Figure-4 shows that with
a lower cross-sectional value, blood flow decreases more slowly than under normal conditions. We then
compare this result to smaller cross-sections and find that blood flow increases as the cross-sectional

area decreases. This condition occurs when the cross section is between 1.5cm?and 0.9cm?. As more
blood flows through the arteries in a smaller section, this can lead to increased pressure in the artery
wall. This increases blood pressure and contributes to hypertension. That is High blood pressure (HBP)
is a condition where blood pressure increases due to the fact that larger amount of blood flows through
the arteries in a smaller cross-sectional area. This may cause the increasing of pressure in the artery's
wall, resulting in an increased volume of blood flowing through the body.
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Figure 4: Comparison chart of blood flow at different cross-sectional values.
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Figure 5: Comparison of Q with a normal cross-sectional area and a much smaller cross- sectional
area.

As shown in Figure 5 above, when the cross-sectional area value is less than 0.8cm?, the blood flow
decreases faster than normal. Pic. 6 shows the blood flow value when the cross section is in the range

of 0.1cm?to 0.8cm?. Of course, as the cross-sectional area decreases further below, blood flow also
decreases, drastic. This condition occurs when the cross-section of a person's body is too small for the
blood to get through it, and this is also a dangerous condition for human. From this observation, we can
say that this condition occurs because the area under the person's skin is too thin and cannot be
penetrated properly by the blood.
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Figure 6: Q when cross-sectional area is in range between 0.1 cm? to 0.8cm?

From the obtained results, it can be concluded that the cross-section plays an important role in the
evenness of blood flow through the blood vessel. A small change in cross-sectional area can affect the
amount of blood flow through the arteries, which can also affect blood pressure. In other words, a cross-
section that is smaller than normal Size may contribute to high blood pressure or high blood pressure.
When a large volume of liquid flows into a small container, pressure can build up in the container.
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Conclusion:

In this article, we derived a simple mathematical model that can represent blood flow in arteries.
Although the model does not take into account the viscoelastic effect, the obtained results are considered
reliable because based on this model we can conclude that we observe that the size of the blood vessel
influences the blood flow. A small change in cross-sectional value results in a large change in blood

flow.
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